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Quasi-phasematched interactions in waveguides with quadratic nonlinearities enable highly
efficient nonlinear frequency conversion. In this article, we demonstrate the first generation
of devices that combine the dispersion-engineering available in nanophotonic waveguides
with quasi-phasematched nonlinear interactions available in periodically poled lithium niobate
(PPLN). This combination enables quasi-static interactions of femtosecond pulses, reducing the
pulse energy requirements by several orders of magnitude, from picojoules to femtojoules. We
experimentally demonstrate two effects associated with second harmonic generation. First, we
observe efficient quasi-phasematched second harmonic generation with <100 fJ of pulse energy.
Second, in the limit of strong phase-mismatch, we observe spectral broadening of both har-
monics with as little as 2-pJ of pulse energy. These results lay a foundation for a new class of
nonlinear devices, in which co-engineering of dispersion with quasi-phasematching enables ef-
ficient nonlinear optics at the femtojoule level. © 2019 Optical Society of America under the
terms of the OSA Open Access Publishing Agreement
http://dx.doi.org/10.1364/optica.XX.XXXXXX
1. INTRODUCTION
Phasematched interactions in materials with quadratic (χ(2))
nonlinearities are crucial for realizing efficient second-harmonic
generation (SHG), sum- and difference-frequency generation,
and optical parametric amplification. These dynamical processes
are used as building blocks in many modern optical systems, in-
cluding near- and mid-infrared light generation [1, 2], ultrashort
pulse compression[3], supercontinuum generation[4], frequency
comb stabilization[5], upconversion detection and quantum fre-
quency conversion[6], all-optical signal processing[7], coherent
Ising machines[8], and the generation of nonclassical states of
light[9]. Weakly-guiding diffused waveguides in periodically-
poled ferroelectics like lithium niobate[10], lithium tantalate[11],
and potassium titanyl phosphate[12] are a commonly used plat-
forms for such devices. These waveguides are conventionally
formed by a small refractive index modulation (∆n ∼0.02) due
to in-diffused dopants and exhibit low-loss (∼0.1 dB/cm) modes
with field-diameters of ∼5 µm, and quasi-phasematched inter-
actions between these modes through periodic poling of the χ(2)
coefficient. To date, these devices have suffered largely from two
limitations. The power requirements of such devices are set by
the largest achievable normalized efficiencies (90%/W-cm2 for
SHG of 1560-nm light[7]), and the phase-matching bandwidths
(and hence useful lengths for pulsed interactions) have ulti-
mately been limited by the material dispersion that dominates
over geometrical dispersion in weakly-guiding waveguides.
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Recent efforts have focused on the development of χ(2)
nanophotonics in platforms such as lithium niobate[13], alu-
minum nitride[14] and gallium arsenide[15]. These systems
allow for densely integrated nonlinear photonic devices, and
achieve efficient frequency conversion due to the large field
intensities associated with sub-wavelength mode confinement.
The current state of the art of χ(2) nanophotonic devices com-
prise two approaches: modal phasematching using the geomet-
ric dependence of the phase-velocity of TE and TM modes[15–
17], and quasi-phasematching using waveguides with periodi-
cally poled χ(2) nonlinearities[1, 18]. While modal phasematch-
ing has achieved the largest normalized efficiencies to date
(13, 000%/W-cm2[15]), the waveguide geometry is determined
by the conditions in which the phase velocity of the fundamen-
tal and second harmonic are matched. These constraints are
lifted in quasi-phasematched waveguides, where the waveguide
geometry may be chosen to engineer both the group-velocity
and the group-velocity dispersion of the interacting waves. The
poling period necessary for quasi-phasematched interactions is
then determined by the phase-velocity mismatch in the chosen
waveguide geometry. While engineering of these dispersion
orders is often done in centrosymmetric waveguides, where
the relative sign of the group velocity dispersion and χ(3) non-
linearity can be chosen to achieve soliton formation and spec-
tral broadening[5], to date there has been no demonstration of
dispersion-engineered quasi-phasematched χ(2) interactions.
In this work we use direct-etched nanophotonic PPLN ridge
waveguides to provide the first experimental demonstration
of ultra-broadband quasi-phasematched χ(2) interactions in a
dispersion-engineered waveguide. This paper will proceed in
three parts: i) We briefly summarize the design and fabrication of
nanophotonic PPLN waveguides, ii) we experimentally demon-
strate second harmonic generation in a dispersion-engineered
PPLN waveguide, and iii) we experimentally demonstrate
multi-octave supercontinuum generation in a phase-mismatched
PPLN waveguide. The devices shown in section (ii), which have
been designed for broadband SHG of wavelengths around 2-µm,
exhibit SHG transfer functions with bandwidths of ∼250 nm,
and achieve a saturated SHG conversion efficiency in excess of
50% with pulse energies as low as 60 fJ when pumped with 50-fs-
long pulses centered around 2 µm. The bandwidth and energy
requirements of this waveguide represents an improvement over
conventional waveguides by 10x and 30x, respectively. In section
(iii), we choose the poling period of these waveguides for phase-
mismatched SHG, which leads to self-phase modulation with
an effective nonlinearity more than two orders of magnitude
larger than the pure electronic χ(3) of lithium niobate. When
such a waveguide is driven with pulse energies in excess of a pJ
it exhibits a cascade of mixing processes, resulting in the gener-
ation and spectral broadening of the first five harmonics. The
techniques demonstrated here can be generalized to engineer
the transfer functions and interaction lengths of any three-wave
interaction based on χ(2) nonlinearities, and will allow for many
of the dynamical processes used in conventional PPLN devices
to be scaled to substantially lower pulse energies.
2. NANOPHOTONIC PPLN WAVEGUIDES
We begin by describing the design and fabrication of nanopho-
tonic PPLN waveguides. A cross-section of a typical ridge
waveguide is shown in Fig. 1(a), with the simulated TE00 modal
field amplitude of the fundamental and second harmonic, re-
Fig. 1. a) Waveguide cross-section, showing the normalized
electric field associated with the simulated TE00 fundamental
(left) and second harmonic (right) modes. The waveguides
shown here correspond to a top width of 1850 nm, an etch
depth of 350 nm, and a starting film thickness of 700 nm. b,c)
Simulated poling period and normalized efficiency, respec-
tively, as a function of waveguide geometry. d,e) Simulated
∆k′ and k′′ω , respectively. The solid black line denotes ∆k′ = 0,
and the dashed black contour line shows geometries that
achieve |∆k′| < 5fs/mm. The small oscillations observed
in these contour lines are a numerical artifact.
spectively. We consider a 700-nm x-cut thin film, and examine
the roles of etch depth and waveguide width on the performance
of the waveguide. For continuous-wave (CW) interactions, the
relevant parameters are the poling period needed to achieve
phase-matching, and the effective strength of the interaction.
The required poling period for second harmonic generation is
given by Λ = λ/ (2n2ω − 2nω), where λ is the wavelength of
the fundamental, and nω,2ω is the effective index of the funda-
mental and second harmonic modes, respectively. The poling
period is shown as a function of waveguide geometry in Fig.
1(b), and exhibits a linear scaling in width and etch depth, with
larger waveguides having larger poling periods. The typical
measure of nonlinearity is the normalized efficiency, η0, which
specifies the efficiency for phasematched, undepleted, CW SHG
in a nonlinear waveguide as P2ω/Pω = η0PωL2. η0 is shown in
Fig. 1(c), and scales with the inverse of the area of the waveguide
modes,
η0 =
2ω2d2eff
n2ωn2ωe0c3Aeff
, (1)
Research Article Vol. X, No. X / April 2016 / Optica 3
where deff = 2pi d33 is the effective nonlinear coefficient for quasi-
phasematched interactions that have been poled with a 50%
duty cycle, and d33 = 20.5 pm/V for SHG of 2050-nm light. This
value is found using a least squares fit to the values reported in
[19, 20] extrapolated to 2 um with constant Miller’s delta scaling.
Aeff is the effective area of the interaction and is 1.6 µm2 for
SHG between the modes shown in Fig. 1(a). For a detailed
description of the modal overlap integral involved in computing
the effective area, we refer the reader to the supplemental.
The role of dispersion will be discussed in more detail in the
following sections. We note, for completeness, that the band-
width of nonlinear interactions is usually dominated by mis-
match of the inverse group velocities of the interacting waves,
hereafter referred to as the temporal walkoff or group velocity
mismatch, ∆k′. In the absence of temporal walkoff, the group
velocity dispersion of the fundamental, k′′ω , plays a dominant
role. ∆k′ and k′′ω are shown in Fig. 1(d) and Fig. 1(e) respectively.
Temporal walkoff becomes negligible for etch depths > 350-
nm, and anomalous dispersion occurs at wavelengths around
2050-nm for etch depths > 330-nm.
Fig. 2. a) Schematic of the poling process, resulting in high
fidelity domain inversion with a ∼50% duty cycle. b) Waveg-
uides are patterned using an Ar+ assisted dry etch, resulting
in smooth sidewalls. c) The samples are prepared using using
laser dicing, resulting in optical-quality end-facets.
We conclude this section by briefly summarizing the fabri-
cation of the nanophotonic PPLN waveguides used for the re-
mainder of this paper. First, periodic poling is done as described
in [1]. Here, metal electrodes are deposited and patterned on
an x-cut magnesium-oxide- (MgO-) doped lithium niobate thin
film (NANOLN). Then, several high voltage pulses are applied
to the electrodes, resulting in periodic domain inversions (Fig.
2(a)). The inset shows a colorized 2-photon microscope image
of the resulting inverted domains with a duty cycle of ∼50%.
Second, waveguides are patterned using electron-beam lithogra-
phy and dry etched using Ar+ ions, as described in [13]. This
yields low-loss (< 0.1-dB/cm) ridge waveguides (Fig. 2(b)).
The inset shows a scanning electron microscope (SEM) image
of the ridge waveguides, showing smooth sidewalls. Finally,
facet preparation is done using a DISCO DFL7340 laser saw (Fig.
2(c)). Here, ∼10-µJ pulses are focused into the substrate to cre-
ate a periodic array of damage spots, which act as nucleation
sites for crack propagation. The sample is then cleaved. The
inset shows an SEM image of the resulting end-facets, which
exhibit ∼10-nm facet roughness. The fabricated waveguides
have a top width of ∼1850 nm, and an etch depth of ∼340 nm.
The resulting theoretical normalized efficiency is 1100%/W-cm2,
∆k′ = 5-fs/mm, and k′′ω = -15-fs2/mm. The calculated value
of ∆k′ is 20 times smaller than that of bulk lithium niobate for
2-µm doubling, which allows for substantially longer interaction
lengths for femtosecond pulses.
3. SECOND HARMONIC GENERATION
In this section we discuss SHG of femtosecond pulses in a
nanophotonic PPLN waveguide. We begin by explaining the
role of dispersion engineering in phase-matched interactions,
and how ultra-broadband phasematched interactions become
possible with a suitable choice of waveguide geometry. Then, we
describe an experimental demonstration of SHG in a dispersion-
engineered PPLN waveguide. The performance of these waveg-
uides, as characterized by the SHG transfer function and nor-
malized efficiency, agrees well with theory and represents an
improvement over the performance of conventional PPLN de-
vices, in terms of both bandwidth and normalized efficiency, by
more than an order of magnitude.
The coupled wave equations for second harmonic generation
of an ultrafast pulse are
∂zAω(z, t) = −iκA2ωA∗ω exp(−i∆kz) + DˆωAω (2a)
∂zA2ω(z, t) = −iκA2ω exp(i∆kz)− ∆k′∂tA2ω + Dˆ2ωA2ω (2b)
where Aω and A2ω are the complex amplitudes of the modal
fields, normalized so that |A(z, t)|2 the instantaneous power
at position z. κ is the nonlinear coupling, κ2 = η0, and
∆k is the phase mismatch between the carrier frequencies,
∆k = k2ω − 2kω − 2pi/Λ. The dispersion operator, Dˆω =
∑∞j=2
[
(−i)j+1k(j)ω /j!
]
∂
j
t, contains contributions beyond first or-
der, where k(j)ω represents the jth derivative of propagation con-
stant k at frequency ω.
For SHG in the limit where the fundamental wave is unde-
pleted, these equations may be solved using a transfer function
approach[21, 22]. Here, the response of the second harmonic to
the driving nonlinear polarization is computed by filtering the
driving polarization with the transfer function for CW SHG. We
implement this approach analytically in two steps. First we cal-
culate the second harmonic envelope that would be generated in
the absence of dispersion, AND2ω (z, t) = −iκA2ω(0, t)z. Then, the
power spectral density associated with this envelope is filtered
in the frequency domain, using the CW transfer function for
SHG
|A2ω(z,Ω)|2 = sinc2(∆k(Ω)z/2)|AND2ω (z,Ω)|2. (3)
Here, A2ω(z,Ω) = F{A2ω(z, t)}(Ω) is the Fourier transform
of A2ω(z, t), and Ω is the frequency detuning around 2ω. The
dispersion of a nonlinear waveguide modifies the bandwidth
of the SHG transfer function through the frequency depen-
dence of ∆k(Ω) = k(2ω + 2Ω) − 2k(ω +Ω) − 2pi/Λ. In con-
ventional quasi-phasematched devices, the bandwidth of the
generated second harmonic is typically dominated by the group-
velocity mismatch between the fundamental and second har-
monic, ∆k(Ω) ≈ 2∆k′Ω, with corresponding scaling law for
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the generated second harmonic bandwidth ∆λSHG ∝ 1/|∆k′|L.
As discussed previously, the geometric dispersion that arises
due to tight confinement in a nanophotonic waveguide may
substantially alter ∆k′. Ultra-broadband interactions become
possible when the geometric dispersion of a tightly confining
waveguide achieves ∆k′ = 0. For the waveguides fabricated
here, both ∆k′ and k′′ω are small. In this case the corresponding
SHG bandwidth becomes dominated by higher order dispersion,
and ∆k(Ω) must be calculated using the full dispersion relations
of the TE00 fundamental and second harmonic modes.
Fig. 3. a) Schematic of experimental setup. ND- variable neu-
tral density filter, OBJ- reflective objective lens, OSA- optical
spectrum analyzer. b,c) Measured spectrum of the driving
polarization (|Aω(0,Ω) ∗ Aω(0,Ω)|2) and output second har-
monic (|A2ω(L,Ω)|2), respectively. d) Measured SHG transfer
function (black) for a 6-mm-long nanophotonic waveguide,
showing good agreement with theory (blue). The bandwidth
of these waveguides exceeds that of bulk PPLN (orange) by
more than an order of magnitude. e) SHG conversion effi-
ciency and pump depletion as a function of input pulse energy,
showing 50% conversion efficiency with an input pulse energy
of 60-fJ. Inset: Undepleted regime with fit given by Eqn. (3)
and a heuristic model for saturation, as described in the text.
The experimental setup is shown in Fig. 3(a). We characterize
the behavior of 6-mm-long nanophotonic PPLN waveguides
using using nearly transform-limited 50-fs-long pulses from a
synchronously pumped degenerate optical parametric oscillator
(OPO), described in [23]. We use reflective inverse-cassegrain
lenses (Thorlabs LMM-40X-P01) both to couple into the sample
and to collect the output. This ensures that the in-coupled pulses
are chirp-free, and that the collected harmonics are free of chro-
matic aberrations. To characterize the SHG transfer function,
we record the spectrum input to the waveguide at the funda-
mental and output from the waveguide at the second harmonic.
Then, we estimate AND2ω (z,Ω) ∝ Aω(z,Ω) ∗ Aω(z,Ω) using the
auto-convolution of the spectrum of the fundamental, shown
in Fig. 3(b). The ratio of the measured second harmonic spec-
trum (Fig. 3(c)) with AND2ω yields the measured SHG transfer
function (Fig. 3(d)), showing good agreement between exper-
iment and theory. These devices exhibit a bandwidth >250
nm, when measured between the zeros of the transfer func-
tion, which outperforms bulk 2-µm SHG devices of the same
length in PPLN by an order of magnitude. This broad transfer
function confirms that the waveguide achieves quasi-static in-
teractions of short pulses across the length of the device. The
conversion efficiency of the second harmonic and depletion of
the fundamental input to the waveguide is shown as a func-
tion of input pulse energy in Fig. 3(e). The inset shows the
undepleted regime, denoted by the dotted box in Fig. 3(e).
The dotted line is a theoretical fit of Eqn. (3), where we have
accounted for a small degree of saturation at the peak of the
pulse by using AND2ω (z, t) = −iAω(0, t) tanh (κAω(0, t)z). The
only fitting parameter used here is a peak CW normalized ef-
ficiency of 1000%/W-cm2, which agrees well with the theoreti-
cally predicted value of 1100%/W-cm2, and represents a 45-fold
improvement over conventional 2-µm SHG devices based on
proton-exchanged waveguides. When this large CW normal-
ized efficiency is combined with the peak field associated with
a 50-fs-long pulse these waveguides achieve 50% conversion
efficiency for an input pulse energy of only 60-fJ, which is a
30-fold reduction compared to the state of the art[24].
4. SUPERCONTINUUM GENERATION
In this section we discuss spectral broadening by cascaded non-
linearities in a nanophotonic PPLN waveguide. We begin by
introducing a heuristic picture based on cascaded nonlinearities
in phase-mismatched SHG, and discuss the role of dispersion.
Based on this heuristic picture, we show that the effective non-
linearity of these waveguides exceeds than that of conventional
χ(3)-based devices, including nanophotonic silicon waveguides.
We then describe an experimental demonstration of supercontin-
uum generation (SCG) in a dispersion-engineered PPLN waveg-
uide. The performance of these waveguides, as characterized
by the pulse energies required to generate an octave of band-
width at multiple harmonics, is an improvement over previous
demonstrations in lithium niobate by more than an order of
magnitude.
In the limit of large phase-mistmatch, self-phase modula-
tion of the fundamental occurs due to back-action of the second
harmonic on fundamental. This can be seen by reducing the
coupled wave equations to an effective nonlinear Schrodinger
equation for the fundamental wave[3, 25]. We neglect disper-
sion beyond second order, and assume the phase-mismatch is
sufficiently large to satisfy two criteria: |∆k|  κA0, where
A0 = max(|Aω(0, t)|), and |∆k|  4pi|∆k′/τ|, where τ is the
transform-limited duration of the pulse input to the waveguide.
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Under these conditions, Eqns. (2a-2b) become
∂zAω =
ik′′ω
2
∂2t Aω + iγSPM|A2ω |Aω , (4)
where γSPM = −η0/∆k. Typically the bounds of ∆k, and thus
the strength of the effective self-phase modulation, are set by
the temporal walk-off. This constraint is lifted when ∆k′ ∼0.
For modest values of the phase mismatch (∆k ∼1 mm−1) and
the CW normalized efficiency measured previously, the effec-
tive nonlinearity is γSPM = 100/W-m. This corresponds to an
effective nonlinear refractive index of n2 = 4.8× 10−17m2/W.
We may compare this to the n2 associated with Kerr nonlin-
earities in lithium niobate by scaling the values found in [4]
with a two-band model[26]. We find n2 = 2.6× 10−19m2/W at
2050-nm, which is 185 times weaker than the self-phase modu-
lation due to cascaded nonlinearities. For comparison, typical
numbers for γSPM based on Kerr nonlinearities in silicon, sili-
con nitride, and lithium niobate are 38/W-m, 3.25/W-m, and
0.4/W-m respectively[5, 27, 28].
In addition to an enhanced nonlinearity, phase-mismatched
SHG also generates a spectrally broadened second harmonic.
Within the approximations made here the phase-mismatch is
constant across the bandwidth of the input pulse, ∆k(Ω) ≈
∆k(0), and the second harmonic is given by
A2ω(z, t) = −iκAω(z, t)2(exp(i∆kz)− 1)/∆k. (5)
Here, the time varying phase-envelope of the fundamental di-
rectly produces a rapidly varying phase of the second harmonic,
φ2ω(z, t) ∼ 2φω(z, t). Thus, we expect both harmonics to exhibit
spectral broadening as the fundamental undergoes self-phase
modulation. In practice, the full nonlinear polarization generates
a cascade of mixing processes which leads to spectral broaden-
ing of several harmonics; a heuristic picture of this process is
beyond the scope of this paper.
We characterize SCG in a nanophotonic PPLN waveguide
with the OPO source and waveguide geometry used in the SHG
experiment, however the poling period is now chosen such that
∆kL = 3pi. We record the output spectrum from the waveguide
using three spectrometers: the visible to near-infrared (400-900
nm) range is captured with a Ocean Optics USB4000, the near-
to mid-infrared (900-1600 nm) is captured with a Yokogawa
AQ6370C, and the mid-infrared (1600-2400 nm) is captured us-
ing a Yokogawa AQ6375. The results are shown in Figure 4.
The fundamental, second harmonic, and fourth harmonic are
observed for input pulse energies as low as 0.5-pJ. For pulse
energies >1-pJ, the first two harmonics undergo spectral broad-
ening, and we observe buildup of the third harmonic. As the
waveguide is driven with larger pulse energies, all of the ob-
served harmonics undergo spectral broadening. The first two
harmonics merge into a supercontinuum spanning more than
an octave when driven with 2-pJ of pulse energy. When driven
with pulse energies in excess of 10-pJ, the first five harmonics
undergo spectral broadening and merge together to form a su-
percontinuum spanning >2.5 octaves at the -30 dB level. The
measured supercontinuum is limited to wavelengths > 400 nm
by the transparency window of our collection optics, and< 2400
nm by our available spectrometers. A photograph of the multi-
octave supercontinuum is shown in Fig. 4(b). The observed
diffraction pattern is due to leakage of visible frequencies into
slab-modes. The evanescent tails of these modes sample the
periodic substrate damage from laser dicing, which acts as a
diffraction grating.
Fig. 4. a) Evolution of power spectral density over an order
of magnitude variation of pulse energy. Adjacent traces are
displaced by 30 dB for clarity. The different noise floors cor-
respond to the three spectrometers used. b) Photograph of
supercontinuum produced with 11-pJ input to the waveguide.
To better understand the dynamics and coherence properties
of the generated supercontinuum, we simulate Eqns. (2a-2b)
using the split-step fourier method described in [29], includ-
ing dispersion to third order. The experimentally measured
and simulated spectra output from the waveguide are shown
in Figures 5(a) and 5(b), respectively. We note that the sim-
ulation includes semi-classical vacuum noise, and the results
have been renormalized to have the same peak power spec-
tral density as the experiment in the near-infrared band (900-
1600 nm) when driven with a pulse energy of 4-pJ. The two-
envelope model used here captures many of the features of
the experiment except for the buildup of the higher harmon-
ics, which have been explicitly neglected by only considering
Aω and A2ω in the coupled wave equations. The observed
spectral broadening agrees well with traditional heuristics de-
rived from the nonlinear Schrodinger equation. If we define
the soliton number as N2 = γSPMUτs/(2k′′ω), where U is the
input pulse energy, and τs = τ/1.76, then the the soliton fis-
sion length is given by Ls = τ2s /Nk′′ω . The soliton fission
length approaches the length of the device for an input pulse
energy of 1-pJ, which is the energy at which the observed output
spectra begin to exhibit spectral broadening. Supercontinuum
generation occurs for pulse energies in excess of 2-pJ. Figure
5(c) shows the simulated coherence function, |g(1)(λ, 0)|[30],
which has been calculated using an ensemble average of 100
simulations, for an input pulse energy of 4-pJ (N = 14). The
simulations shown here suggest that the spectra are coherent
over the range of pulse energies considered, with a calculated
< |g(1)| >= ∫ |g(1)(λ, 0)||A(λ)|2dλ/ ∫ |A(λ)|2dλ of 0.9996 and
0.9990 for the fundamental and second harmonic, respectively.
We note that the approach used here neglects many possible
decoherence mechanisms, such as degenerate parametric fluo-
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Fig. 5. Power spectral density output from the chip as a func-
tion of input pulse energy a) Experiment, b) Simulation. The
power in dBm is measured in 2-nm-wide spectral bins. c) Sim-
ulated coherence of the fundamental and second harmonic
generated by a 4-pJ pulse, showing |g(1)| ∼ 1.
rescence of the third harmonic. Further theoretical and exper-
imental study of the coherence of the supercontinua observed
here, and their potential use for fCEO detection, will be the sub-
ject of future work.
5. CONCLUSION
We have experimentally demonstrated both SHG and SCG in a
dispersion-engineered nanophotonic PPLN waveguide. These
waveguides are shown to exceed the performance of current-
generation SHG devices by at least an order of magnitude in
phasematching bandwidth and pulse energy requirements. Sim-
ilarly, they achieve self-phase modulation with larger nonlineari-
ties than nanophotonic waveguides based on χ(3) nonlinearities.
These waveguides produce multi-octave supercontinua com-
prised of multiple spectrally broadenend harmonics with at least
an order of magnitude less pulse energy than previous demon-
strations in lithium niobate waveguides. These dramatic reduc-
tions in energy requirements are made possible by combining
the dispersion engineering and large η0 available in nanopho-
tonic waveguides with periodically poled χ(2) nonlinearities.
When these techniques are combined they achieve highly effi-
cient quasi-phasematched interactions of femtosecond pulses
over long propagation lengths, thereby enabling a new class of
nonlinear photonic devices and systems.
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1. EFFECTIVE AREA OF SECOND HARMONIC GENER-
ATION
In this section, we derive the nonlinear coupling between two
waveguide modes and define the effective area, Aeff, associated
with these interactions. The effective area provides a measure
of the strength of a nonlinear interaction due to the tight con-
finement of the waveguide; small effective areas correspond
to large field intensities and large normalized efficiencies. We
begin by reviewing the necessary components of linear optical
waveguide theory to establish the notation used throughout this
section. Then, we review the coupled wave equations for sec-
ond harmonic generation (SHG) in a nonlinear waveguide. The
treatment used here accounts for the fully-vectorial nature of
the modes, with each field component of the waveguide mode
coupled together by the full nonlinear tensor, dijk, of the media
that comprise the waveguide. Remarkably, these equations have
the same form as the coupled wave equations for SHG in much
simpler contexts, such as SHG of plane waves and paraxial gaus-
sian beams. The effective area arises naturally when calculating
the normalized conversion efficiency of the power in the second
harmonic, P2ω/Pω .
Waveguide modes arise as the solution to Maxwell’s equa-
tions in the absence of a nonlinear polarization, with a dielectric
constant that varies in two spatial dimensions,
∇× H(x, y, z,ω) = iωe¯(x, y,ω)E(x, y, z,ω), (S1a)
∇× E(x, y, z,ω) = −iωµ0H(x, y, z,ω). (S1b)
We note that the media considered here are anisotropic, thus
e¯(x, y,ω) is a second order tensor. We expand the field in a series
of guided modes
E(x, y, z,ω) =∑
µ
aµ(ω)Eµ(x, y,ω)e−ikµ(ω)z (S2a)
H(x, y, z,ω) =∑
µ
aµ(ω)Hµ(x, y,ω)e−ikµ(ω)z (S2b)
where aµ represents the component of E contained in mode µ
around frequency ω. The transverse mode profiles, Eµ and Hµ,
and their associated propagation constant, kµ, arise as solutions
to an eigenvalue problem[1], and each pair of waveguide modes
satisfies the orthogonality relation∫
A
1
2
Re
([
Eν × H∗µ
]
· zˆ
)
dxdy = Pδµ,ν. (S3)
The fields, as defined, are normalized such that P = 1W, and
therefore the power contained in mode µ is P|aµ|2. For conve-
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nience, we define the transverse mode profiles using dimension-
less functions e(x, y) and h(x, y)
Eµ(x, y) =
√
2Z0P
nµAmode,µ
eµ(x, y), (S4a)
Hµ(x, y) =
√
2nµP
Z0Amode,µ
hµ(x, y), (S4b)
where nµ is the effective index of mode µ, and Z0 is the
impedance of free space. As a consequence of Eqn. (S3), the ef-
fective area of mode µ is given by Amode,µ =
∫
(eµ × h∗µ) · zˆdxdy.
The presence of a nonlinear polarization at frequency ω gives
rise to driving terms that cause aµ to evolve in z. Under these
conditions, it can be shown using the methods described in [2, 3]
that aµ evolves as
∂zaµ(z,ω) =
−iω
4P
eikµ
∫
E∗µ · PNL,µdxdy. (S5)
For second harmonic generation in the limit where one pair of
modes is close to phasematching, we consider one mode for
the fundamental at frequency ω and for the second harmonic
at frequency 2ω without loss of generality. For the remainder
of this article, the modes under consideration will be referred
to as aω and a2ω for the fundamental and second harmonic,
respectively. In this case, the nonlinear polarization is given by
PNL,ω = 2e0deffa2ωa
∗
ω∑
jk
d¯ijkEj,2ωE
∗
k,ωe
−i(k2ω−kω)z (S6a)
PNL,2ω = e0deffa
2
ω∑
jk
d¯ijkEj,ωEk,ωe
−2ikωz (S6b)
where i, j, k ∈ {x, y, z}. deff = 2pi d33 is the effective nonlinear
coefficient for a 50% duty cycle periodically poled waveguide,
and d¯ijk is the normalized χ(2) tensor. For lithium niobate, this
is expressed using contracted notation[4] in the coordinates of
the crystal as
d¯i J =
1
d33

0 0 0 0 d15 d16
d16 −d16 0 d15 0 0
d15 d15 d33 0 0 0

where d15 = 3.67 pm/V, d16 = 1.78 pm/V, and d33 = 20.5 pm/V
for SHG of 2-µm light. These values are found using a least
squares fit of Miller’s delta scaling to the values reported in [5, 6],
and have relative uncertainties of ±5%. We therefore expect a
relative uncertainty in any calculated normalized efficiency to
be ±10%.
We arrive at the coupled wave equations for SHG by substi-
tuting Eqns. (S6a-S6b) into Eqn. (S5) and defining Aω =
√
Paω
∂zAω = −iκA2ωA∗ωe−i∆k (S7a)
∂zA2ω = −iκA2ωei∆k (S7b)
The coupling coefficient, κ, and the associated effective area are
given by
κ =
√
2Z0ωdeff
cnω
√
Aeffn2ω
(S8a)
Aeff =
A2mode,ωAmode,2ω∣∣∣∫ ∑i,j,k d¯ijke∗i,2ωej,ωek,ωdxdy∣∣∣2 (S8b)
We conclude this section by noting that for the waveguide modes
considered here the overlap integral in Eqn. (S8b) and the result-
ing κ are real. The general case, in which κ is complex, is beyond
the scope of this supplemental.
REFERENCES
1. A. B. Fallahkhair, K. S. Li and T. E. Murphy, "Vector Finite
Difference Modesolver for Anisotropic Dielectric Waveg-
uides", J. Lightw. Technol. 26(11) 1423-1431 (2008)
2. M. M. Fejer, Single Crystal Fibers: Growth Dynamics and
Nonlinear Optical Interactions (Print, 1986)
3. M. Kolesik and J. V. Moloney, "Nonlinear optical pulse
propagation simulation: From Maxwell’s to unidirectional
equations," Phys. Rev. E 70, 036604 (2004)
4. J. F. Nye, Physical Properties of Crystals: Their Representation
by Tensors and Matrices (Oxford University Press, 1985).
5. I. Shoji, T. Kondo, A. Kitamoto, M. Shirane, and R. Ito, "Ab-
solute scale of second-order nonlinear-optical coefficients,"
J. Opt. Soc. Am. B 14, 2268-2294 (1997)
6. M. M. Choy, and R. L. Byer, "Accurate second-order sus-
ceptibility measurements of visible and infrared nonlinear
crystals," Phys. Rev. B 14, 4 (1976)
